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Abstract
This work presents the results obtained through the mathematical model with 10 degrees of freedom described in
[G. Moscariello, On the mathematical modelling of complex dynamical systems an electrically operated vehicle, Math. Comput.
Modelling (2007), doi:10.1016/j.mcm.2006.12.037] which relates to a motor vehicle activated through independent electric engines
set in the rear wheels in the cases of motion with null steering angle (also in case of lateral forces for a limited period of time)
and of motion with steered wheels. It is then explained how the model can determine both the vehicle’s motion parameters under
different conditions and the external and internal constrained reactions. Finally, the analysis is devoted to the stabilizing effect of
the lateral adherence forces, referred to as micro-slipping forces in [G. Moscariello, On the mathematical modelling of complex
dynamical systems an electrically operated vehicle, Math. Comput. Modelling (2007), doi:10.1016/j.mcm.2006.12.037].
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
A mathematical model to describe the dynamics, has been proposed in a recent paper [1], of a motor vehicle
activated by an independent electric engine located over the rear wheels which had similar kinematic and dynamic
characteristics of a car set up with mechanisms such as differential, ABS (Anti-lock Braking System), DSC (Dynamic
Stability Control) and many others, even though these devices are not actually available.
The vehicle is regarded as a system of several interconnected sub-systems. The analysis [1] first proposed a
mechanical model with 10 degrees of freedom; then a mathematical model, consisting in a system of ten second order
nonlinear ordinary differential equations has been obtained, by applying the classical method of Lagrange equations.
The technical difficulty dealt with in the above cited paper is the need to reduce the complexity of the system so that it
can be regarded as a system of systems, each of which is to be carefully analyzed, for modelling, by selecting specific
aspects of each element which may play a relevant role in the overall dynamics of the whole system.
Modelling the dynamics of vehicle on roads is a challenging field of application of classical mechanics. The book by
Genta [2] is a valuable introduction to the modelling of the mechanical system and to the qualitative and computational
analysis of mathematical problems generated by the application of models to the analysis of real problems concerning
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the simulation of the dynamics of the system on road. Recent studies, e.g. [3,4] contribute to the modelling and
computational analysis of the mechanical system we are dealing with.
This paper develops, as already announced in [1], an analytic and computational analysis of the mathematical model
finalized to study the stability properties and the dynamical response of the system under suitable external actions. In
detail, the analysis is devoted to identify the role of the parameters of the mechanical model over the performances
of the vehicle. The specific objective consists in showing that the mathematical model is able to provide, by suitable
computations, the time evolution of the shifting, velocity and acceleration of each point of the system, as well as the
constrained reactions on the internal units (springs and shock absorbers) and on the wheels.
Such values have been calculated, in each moment and based on known initial parameters, using the values of the
kinematic quantities of the motion, the active forces, and the constrained reactions updated to the previous moment in
the applied numerical integration process.
The variables of the mathematical model have been replaced – in this work – with numerical values relating to a
Fiat Punto car fitted with a 1242 cc gasoline engine. Such results have been provided by the examined model following
the application of individual forcing actions acting on a car moving along its own axis and we compared such results
with those obtained without applying such actions. Note that in this work no force laws have been assigned which are
able to produce slipping or detachment of the wheels from the ground, nor initial conditions so hard as to produce
instability of the vehicle. The purpose of this work, as a matter of fact, is to show the sensitivity of the mathematical
model towards the single actions to which it has been exposed.
The first part of this work describes the separate application of the aerodynamic forces acting on the hanging mass
(5.1.2 motion), the rolling forces applied on the contact points with ground (5.1.3 motion) and the motive forces,
with constant values, of the electric engines (5.1.4 motion). The results obtained by applying such motions have been
compared to the inertial motion 5.1.1. During the entire motion, the car’s front wheels have a null steering angle.
The second part of this work illustrates the vehicle’s behavior when the wheels are not steered and the car is
exposed to a lateral wind gust coming from the right side and with a variable direction, always orthogonal to the
motion direction, with a constant velocity for a limited period of time. Such behavior is observed both with and
without micro-slipping forces (respectively, 5.2.1 and 5.2.2 motions). Such forces are proved to have a stabilizing
effect on the vehicle’s lateral motion.
The third part of this work takes into account the vehicle’s motion in curve with a constant steering angle and
without external active actions, and considering both conditions: without micro-slipping forces (5.3.1 motion) and
including such forces (5.3.2 motion). Researches confirmed the importance of micro-slipping forces – in curve, too –
on the stability of the yawing motion of the car.
The qualitative analysis and the development of simulations is obtained by scientific software which allows us to
deal with large systems of ordinary differential equations delivered in implicit form. Classical methods to deal with
the initial value problem for ordinary differential equations and nonlinear dynamics are used [5–10].
2. Parameters of the model
The simulations and qualitative analysis of the dynamical response of the system, that will be proposed in Sections 4
and 5, are developed, as already mentioned, using parameters of a real vehicle. These parameters are reported in this
section and allow us, referring to paper [1], to obtain quantitative expressions of the kinetic, potential and dissipative
energies, that are necessary to write the Lagrange equations of the dynamics of the system. Data reported in what
follows refer to Figs. 1 and 2.
• Lengths, masses and inertial quantities:
Assigned values
A1AS A1 = A2AS A2 = 220 mm A3AS A3 = A4AS A4 = 25 mm
A1AS1 = A2AS2 = 320 mm A3AS3 = A4AS4 = 50 mm
A1GW 1 = A2GW 2 = 339.5 mm A3GW 3 = A4GW 4 = 204 mm
Front track lW f = 1.373 m
Rear track lWr = 1.358 m
Distance between Ω and the front axle lFront = 0.92 m
Distance between Ω and the rear axle lRear = 1.53 m
Distance between axles l = lFront + lRear = 2.45 m
(continued on next page)
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Distance between the articulated joints of the front axles A1A2 = 0.69 m
Distance between the articulated joints of the rear axles A3A4 = 0.95 m
Wheel radius RW = 285 mm
Hanging mass mS = 840 kg
Wheel mass mw = 23 kg
I th axle shaft anterior mass m1 = m2 = 7 kg
I th axle shaft rear mass m3 = m4 = 3.5 kg
I th spring anterior mass mS1 = mS2 = 4.5 kg
I th spring rear mass mS3 = mS4 = 1.7 kg
I th front shock absorber mass mSA1 = mSA2 = 5.5 kg
I th rear shock absorber mass mSA3 = mSA4 = 1.8 kg
I th anterior axle mass (including wheel) mA1 = mA2 = 40 kg
I th rear axle mass (including wheel) mA3 = mA4 = 30 kg
Fig. 1. Sight in plan.
Fig. 2. Front sight.
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Inertial tensor of hanging mass
YS =
 IΩ ,x4 −JΩ ,x4y4 −JΩ ,x4z4−JΩ ,y4x4 IΩ ,y4 −JΩ ,y4z4
−JΩ ,z4x4 −JΩ ,z4y4 IΩ ,z4
 =
267 0 7.50 1270 0
7.5 0 1426
 kgm2.
Inertial tensor of the i th axle
YGAi =
 IGAi ,x5i −JGAi ,x5i y5i −JGAi ,x5i z5i−JGAi ,y5i x5i IGAi ,y5i −JGAi ,y5i z5i−JGAi ,z5i x5i −JGAi ,z5i y5i IGAi ,z5i
 =

0.65
[0.60] 0 0
0 1 0
0 0
0.65
[0.60]

i = 1, 2
kgm2
[ ] : i = 3, 4,
where the inertial moment of axle 1, referred to the center of mass line parallel to z51, is considered as IGA1,z51 and,
similarly, the product of inertia of axle 1 with regard to the center of mass axles parallel to x51 and y51 is indicated as
JGA1,x51y51 (Jxy = +
∫
m xydm).
• Applied forces:
Motor moment on the rear wheels.Motor moments, if not null, have been assumed to be constant in time and all with
the same value. The active shares acting on the wheel rims have been replaced by two equivalent horizontal motive
forces applied on the contact points with ground while the reactive parts acting through the axle on the hanging mass
have been converted in one equivalent resulting force applied on the center of mass of the hanging mass. No braking
moments have been applied.
Drag. The aerodynamic forces caused by the vehicle’s motion and the wind have been evaluated along the triplet T2Ø
axles and considered as applied to the barycenter GS of the hanging mass.
For the component along x2 of the aerodynamic force, the following conditioned expression has been used,
supposing Vxrel = x˙2Ø − V (Wind)x2 , it originates:
R(Aer)x2 = ±
1
2
ρAx2Cx2V
2
xrel,
where the valid sign is − if Vxrel ≥ 0. Likewise for the component along y2
Assigned values
Air density ρ = 1.293 ∗ 10−3 kg/m3
Aerodynamic penetration coefficient along x2 Cx2 = 0.32
Aerodynamic penetration coefficient along y2 Cy2 = 0.60
Main surface area along x2 Ax2 = 2.40 m2
Main surface area along y2 Ay2 = 5.00 m2
Steering forces. The ideal centripetal force required to produce the body rotation around the vertical axis is stated by
the relation:
FSt = mV
2
Ω
ΩCt
.
Its component with an x2 motion direction is always negative and equal to F Stx2 = −FSt ∗ cos γ , while the sign of
the second component with a y2 direction depends on the steering angle’s sign γ which is F Sty2 = FSt ∗ sin γ .
Such force has been replaced by four equivalent forces applied in the respective Ci points, orthogonally directed to
the wheels’ middle plane and turned towards the momentary rotation’s center, Ct .
The steering forces of the rear wheels have been assumed all to be the same, while for the front wheels, only the
components in the motion direction have been supposed to be the same.
Springs’ elastic forces. Springs’ elastic forces have been assigned by a value proportional to the variation of length
calculated on the spring end points SSi and ASi (shown in Fig. 1) by comparing such length with the length at rest
when the spring is released.
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The elastic forces act on the SSi point of the hanging mass and on the ASi axle point, they are assumed to be
vertically directed and correspond to the following expression:
F (i)Spri = ±KSi [l0i − (z1SSi − z1ASi )] , i = 1 . . . 4,
where the positive sign relates to the forces acting on the hanging mass and the negative sign relates to the forces
acting on the axle.
Assigned values
Length of front springs at rest l01 = l02 = 270 mm
Length of rear springs at rest l03 = l04 = 200 mm
Elastic constant of front springs KS1 = KS2 = 150 N/mm
Elastic constant of rear springs KS3 = KS4 = 300 N/mm
Elastic constant of wheel KW = 260 N/mm
Viscous forces of the shock absorbers. Viscous actions of the shock absorbers have been assigned a value which is
proportional to the relative velocities of the SSAi and ASAi points indicated in Fig. 2, which are vertical and directed
as shown in the figure if the points draw near or in the opposite direction if they draw away.
The following expression applies:
F (i)SA = ±hSAi (z˙SSAi − z˙ASAi ), i = 1 . . . 4,
where the sign − relates to the forces acting on the hanging mass and the + sign relates to the forces acting on the
axle.
Assigned values
Damping constant of front shock absorbers hSA1 = 3200 N s2/m
Damping constant of rear shock absorbers hSA3 = 13 200 N s2/m
Damping constant of wheel hW = 500 N s2/m
Contact forces with ground
Normal reaction. The wheel, in its motion, has been considered rigid and free, that is not touching the ground. The
height of the minimum C point of the wheel is determined, in every moment, on the basis of a reference horizontal
plane and its absolute velocity. The normal unilateral reaction N has been assumed that Ni = Kw z1Ci − hwi z˙1Ci on
condition that if z1Ci > 0 (wheel detaching from ground), then Ni = 0.
Rolling resistance. It is the horizontal force laid on the wheel’s symmetric plane. It has been applied to the wheel’s
center of mass in order to take into account the rolling moment acting on it, too. It is always directed opposite with
respect to the velocity direction of the car and with a module equal to a fraction of the normal N force.
Indicated by
Vx2 = x˙1Ω cosψ + y˙1Ω sinψ
the vehicle’s velocity in the x2 direction of motion, the following expression results for the force component in this
oriented direction Frol = ± frolN/Rw with negative sign if Vx2 ≥ 0 and where frol is the rolling resistance coefficient.
Micro-slipping resistance. With wheels at rest, the micro-slipping forces match the ordinary frictional forces
(unknown), which are able to prevent – up to a certain extent – the wheel’s contact points Ci from moving. When the
car is in motion, the micro-slipping force replaces the frictional one and, by knowing the kinematical and physical
parameters of motion, this last force can be considered as a known function of such parameters.
It is worth stressing that the model developed in this paper does not include the ground-constrain nor the existence
of “contact points”. Nevertheless, it allows to calculate – in every moment during motion and in the above mentioned
points – all the required motion parameters, for instance the component of the displacement velocity of the C point
with r direction orthogonal to the wheel’s middle plane: VCi y7i (micro-slipping velocity) or the vertical displacement
of such points z1Ci through which it is possible to know the value of the normal reaction, etc.
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In this paper, as an example, the micro-slipping force has been assumed to be linearly proportional both to the
normal reaction Ni of the affected wheel and to the component of the velocity of point Ci (which on the real system
corresponds to the contact points with ground): VCi y7i in the above mentioned direction r . Obviously, as for the
frictional force, the value of the micro-slipping force, with null steering angle, is reduced because of the adherence
limit and its sense is opposite to such velocity.
Taking into account the reference systems used in [1], we can write:
F (i)ms = − fmsVCi y7i Ni ,
where fms refers to the proportionality coefficient known as micro-slipping coefficient.
An important factor to stress concerns the micro-slipping resistance when the car is moving and the wheel is
steering: this resistance is evaluated independently from the frictional force required to contrast the centrifugal force
in a curve. In fact, this force can be identified only when there is a micro-slipping velocity other than null in the
contact point of the wheel. Depending on the under- or over-steering effects of the car, this force, moreover, can have
any oriented direction.
Therefore, the verification of the adherence of the wheel in a curve is ensured in every moment when the share
of centrifugal force on the wheel in an ideal rotative motion, added to the micro-slipping force, does not achieve the
maximum value of adherence.
The law attributed to the micro-slipping forces must be naturally refined with experimental investigations, taking
into account the variability in time of the micro-slipping coefficient, also in connection to the tread’s wear, to variations
in the characteristics of the wearing course, etc.
Self-alignment moments.When the car is moving and the wheels are steered, each wheel has an attached moment with
a vertical direction which is able to simulate the under- or over-steering effect of the car.
In this paper, as a conceivable example, each wheel has been assigned a self-alignment moment proportional to
the variation of compression of the wheel with respect to a given position (for instance, to a rest position), with a
clockwise sense in plan if the wheel is more compressed than this position and with an anticlockwise sense if less
compressed. In this way, in a turn, if the car is not exposed to particular roll motions (for instance, due to strong lateral
wind gusts or to obstacles acting on one of the two wheels), the wheels which are internal in the turn will be – in every
moment – experiencing an anticlockwise self-alignment moment in plan, while the external wheels will be subject to
a clockwise moment.
Moreover, the moments, for the front wheels, have been assumed proportional both to the steering angle γi and to
the squared velocity of their center of mass, while for the rear wheels it has been assigned a value proportional to the
squared yawing angular velocity Ψp of the car.
Therefore, it follows:
MAll(i) = −KSall(i) ∗ γi ∗ [N (i)− N0(i)] ∗ V 2GW (i), i = 1, 2
for front wheels and
MAll( j) = −KSall( j) ∗ [N ( j)− N0( j)] ∗Ψ2p, j = 3, 4
for the rear wheels.
A substantial modification on the transmission of the strains on the wheel is very likely when the frictional forces
achieve values next to the adherence limit. Similarly, coefficients KSAll(i), that in this work have been assumed as
constant, can play the role of functions, for instance, of the tread’s wear or of the tyres’ pressure. It is thus necessary
to modify the assigned force laws and it can be accomplished only through experimental investigations.
Rolling resistance coefficient froll = 0.05
Friction coefficient fstat = 0.4
Micro-slipping resistance coefficient fms = 1
Self-aligning moment coefficient K (i)SAll = variable in M10 and M11 motions
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3. Calculating the equilibrium parameters
The supposed symmetry of the car, with regard to geometry and loads, determines a similar symmetry as far as
the reactions in rest conditions are concerned. Using simple equilibrium equations for the forces acting on the car
and on the axles, it is possible to calculate the values of the normal reactions Ni0 of wheels and springs Fmi0 in rest
conditions. It is now possible to determine the shifting values zCi0 for Ci points and the springs’ shortening in rest
conditions: 1l0i = l0i − (zSSi0 − zASi0).
Determining, in rest conditions, the relationships which express the coordinates of points Ci , SSi and ASi through
the Lagrange shifting parameters and their equivalence to the previously found values, makes available 7 equations and
one identity in the 7 unknowns: z (0) , φ (0) , θ (0) and φi (0) (i = 1 . . . 4); in fact, the following sizes: x (0) , y (0)
and Ψ (0) can take any value when the equilibrium is set.
4. On the numerical integration the equations of the model
The mathematical model proposed in [1] is formulated in terms of ten second order equations, obtained by the
application of Lagrange equations method, corresponding to the ten degrees of freedom of the mechanical model.
This model results linear for accelerations, q¨h , nonlinear for velocities q˙h and shifts qh and presents non-constant
coefficients.
The solution technique is the classical one that goes along the following steps:
(i) Algebraic separation of the equations;
(ii) Derivation of a system of 20 first order ordinary differential equations from the 10 second order equations;
(iii) Numerical integration of the system by appropriate Runge–Kutta methods.
Its integration occurred by assigning pretty regular functions to the known terms (driving momentum, braking
momentum and wheels’ steering angle), starting with relaxed conditions which could avoid wheel-slipping, an
excessive pressure on the tyres or the detachment of the vehicle from the ground in the next moments of motion.
The system of differential equations has been integrated in the Matlab environment using the Runge–Kutta 45
method, through the Ode45 instruction and under assigned initial conditions. The required approximation level has
been set intentionally low (with a relative error and an absolute error of 10−3) because the results found with such
approximation have been considered satisfactory.
In each integration step, the values of the concurrent forces (although controlling that they remain in the established
range) and the shifting and velocity values in the relevant points, are updated.
Note that the active forces (motor or braking moments) and the steering angle can be modified during the
computational integration process according to the evolution of motion, for example, in case of an instability condition,
lack of comfort or displacement of a point from the pre-established path. For these reasons, we suggest that the model
here proposed is suitable for use as a tool to control and automatically adjust a car’s motion.
By knowing in each time the values of the constrained reactions on the wheels and the trajectory of the individual
points, it is possible to determine when the instability conditions, such as the slipping of a wheel, the capsizing of
the car or the displacement of a point from the pre-established path, are reached. This allows a timely intervention by
changing the steering angle of the wheels, of the braking action or of the engines’ power intensity, thus restoring the
usual conditions of security, stability and comfort.
Likewise, it is possible to define the reactions caused by sharp variations in the displacement of a contact point
with ground (which simulates the action of an obstacle), in the velocity of the car (following strong variations in the
direction of the car or in its braking action) or in the active forces acting on a certain point of the car (used to simulate
the effects of a collision).
5. Simulations of vehicle dynamics
The mechanical-mathematical model proposed in [1] allows, after having properly defined the parameters of the
system, the development of the simulation of the dynamics of the vehicle. Therefore, it is offered to mechanical
engineers interested in simulations, and to be properly accompanied by tests on road.
This final section deals with some sample simulations, selected among several conceivable ones, to test the
predictive ability of the model. Out of the computational experiments proposed in what follows, some research
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perspectives are brought to the attention of the reader. The contents are developed through three subsections: the
first one deals with the selection of the dynamics to be simulated, the second one with the presentation and analysis
of the results of the simulations, while the third one outlines some research perspectives.
5.1. On the selection of dynamical problems
As already mentioned some specific dynamical systems have been selected, among various ones, to test the model.
It is worth stressing that the selection is related to the personal bias and experience of the author of this paper with
the aim of developing some particular experiments. It is plain that the selection strategy can be specifically related
to well-defined projects to optimize the dynamical response of the vehicle. Bearing all this in mind, the following
motions have been examined:
• 5.1. Dynamics with null steering angle without lateral forces
D.5.1.1. Dynamics without resistances and motive forces;
D.5.1.2. Dynamics with drags only in x2 direction and in a sense opposite to that of the initial velocity without
motive forces;
D.5.1.3. Dynamics with rolling resistances only without motive forces;
D.5.1.4. Dynamics without resistances with constant motor moments.
• 5.2. Motions with null steering angle with lateral forces
D.5.2.1. Dynamics with lateral drags and without micro-slipping forces;
D.5.2.2. Dynamics with micro-slipping forces.
• 5.3. Motion with constant steering angle, without resistances and motive forces
D.5.3.1. Dynamics Motion without micro-slipping forces;
D.5.3.2. Dynamics with micro-slipping forces.
• 5.4. Motions with constant steering angle and self-alignment moments
D.5.4.1. Dynamics with self-alignment moment producing an over-steering effect;
D.5.4.2. Dynamics with self-alignment moment producing an under-steering effect.
5.2. Simulations
The results of the simulations are reported in what follows referring to the above described dynamical problems:
• Motions with null steering angle – influence of resistances and of motor moments
Experiments have been developed to compare motions D.5.1.1, D.5.1.2, D.5.1.3, and D.5.1.4.
In the diagrams relative to motion 5.1.2, drags have been amplified 20 times, while in the 5.1.3 diagram the rolling
coefficient froll has been assigned the value 0.05. In 5.1.4 motion, the two motor moments of the rear wheels have
been assigned the value 80 N m. The initial velocity for all motions is 10 m/s.
Fig. 3 visualizes the space covered in a given time interval by point Ω in the two motions with resistances: 5.1.2
and 5.1.3 compared to the inertial motion 5.1.1 without resistances. Similarly, an increase of such space caused by the
motor moments in the 5.1.4 motion has been observed. Moreover, it has been shown that the car’s trajectory in the
four motions is perfectly rectilinear.
Fig. 4 shows how, during 5.1.1 motion, the θ pitching angle of the car is constant and equals the value it had
when in equilibrium (approximately 2 ∗ 10−3 rad), while the existence of the rolling forces (5.1.3 motion), which acts
on a lower height with respect to the center of mass, causes an increase of the pitching angle up to approximately
5 ∗ 10−3 rad, which results in a lowering of the car’s front side and in a simultaneous raising of the rear side.
The opposite happens for 5.1.2 (where the drags act on a greater height than the center of mass) and 5.1.4 motions
(where the motive forces act on a lower height) because the forces acting on the car – having opposite senses – generate
concordant moments which produce a rotation able to cause the front side of the car to raise.
Then, in 5.1.3 motion, it can be observed – consistently with the lowering of the car’s front side and the raising
of the rear side – a decrease of the rolling angles’ absolute values φ1 and φ2 of the front axles (in Fig. 5, from the
equilibrium values of approximately 0.182–0.1795 rad). Simultaneously, the rear axles φ3 and φ4’s values increase
(in Fig. 6, from the equilibrium values of approximately 0.30–0.33 rad) which translates in a rotation of the axles
which causes the front springs’ compression to increase and the rear spring’s compression to decrease. The opposite
happens, consistently, with 5.1.2 and 5.1.4 motions.
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Fig. 3. Covered space.
Fig. 4. Pitching angle.
Fig. 5. Front axle’s roll.
Figs. 7 and 8 show how, during 5.1.3 motion, the normal reactions of the ground on the two front wheels – after a
few oscillations – increase their value (from an equilibrium value of 3.050–3.175 N), while those on the rear wheels
result reduced (from an equilibrium value of 1.850–1.725 N). The opposite happens, consistently, in the 5.1.2 and
5.1.4 motions.
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Fig. 6. Rear axle’s roll.
Fig. 7. Front wheels’ reactions.
Fig. 8. Rear wheels’ reactions.
• Motions with null steering angle – influence of micro-slipping forces
Comparing motions 5.2.1 and 5.2.2. In these two compared motions, the values of motor moments, steering angle
and motion resistances have been considered null; the initial velocity is 10 m/s. The car has been exposed to a lateral
wind gust, with a variable direction, always orthogonal to the motion direction, with a constant velocity equal to
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Fig. 9. Lateral displacement.
Fig. 10. Trajectory in plan.
100 km/h from moment t1 = 2.5 s to t2 = 5 s. The total observation time is 7.5 s, the micro-slipping friction
coefficient fms has been arbitrarily set to 1.
Observations:
1. Fig. 9 shows the lateral displacement of the car occurring when the wheels are not steered due to the lateral force
of the wind. This lateral displacement can still be observed after the wind stops acting on the car, because it is rotated
in plan with a non-null Ψ yawing angle. In other words, the lateral displacement of the car is interrupted when the
forcing action of the wind exhausts. This figure also illustrates how the lateral displacement results reduced for the
existence of the micro-slipping forces.
2. Fig. 10 shows a comparison between the trajectories covered by the Ω point in the two motions. The micro-
slipping forces make unequivocally stable the car’s motion and significantly reduce both the lateral displacement and
the yawing angle during the time of application of the forcing action.
3. Fig. 11 shows the variation of the roll angle φ caused by the lateral force coming from the right side (looking
at the car from the rear side). During the time of application of the lateral force, the roll angle changes from a null
value to approximately −5 mrad, then eventually comes back – after a few oscillations – to the initial value. As a
consequence of this angle variation, the upper side of the car moves in the same sense of the forcing action (as a
matter of fact, the negative values of φ indicate a clockwise rotation of the car, observed from the front side).
4. Fig. 12 shows the axle 2 (but it also applies to axle 4) in the right side of the car, which has undergone a rotation
in the opposite sense with respect to that of the hanging mass. Such rotation leads to the lengthening of the axle’s
spring and, as a consequence, reduces its compression. The opposite is true for the axles in the left side of the car,
consistently with what is empirically observed.
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Fig. 11. Car’s roll angle.
Fig. 12. Roll angle of axle 2.
5. Fig. 13 shows how the normal reactions of the windward wheels (wheels 1 and 3 on the left side), during the
action of the lateral force, increase their value and come quickly back to the initial value – after a few oscillations – as
soon as the forcing action interrupts. A similar behavior can be observed in the leeward wheels, whose value results
reduced. The presence of micro-slipping forces has been found to cause an increase in the variation of the reactions’
values.
6. Fig. 14 shows the micro-slipping forces of the 5.2.2 motion. The sign of these four forces is constantly negative,
which indicates that they, during the entire motion, have a direction opposite to the forcing action. Their presence,
furthermore, significantly reduces the amplitude of the displacements orthogonal to the middle plane of the wheel.
• Motions with non-null steering angle — influence of micro-slipping forces.
Comparing motions 5.3.1 and 5.3.2. In this motion, the motor moments and all resistances are null. The steering
angle of the front wheel is 3 deg which, on the plan, corresponds to an anticlockwise direction. The initial velocity is
10 m/s. The micro-slipping coefficient fms has been arbitrarily set to 1.
Fig. 15 highlights how the presence of micro-slipping forces reduces the lateral displacement also in a curve. In
fact, when there are no micro-slipping forces, the trajectory in plan has a bigger bend radius.
In Fig. 16 it can be appreciated how the micro-slipping forces make the trajectory of the car in curve stable. As a
matter of fact, for the whole motion, the yawing angular velocityΨp is kept constant (in figure, linear variation ofΨ ).
Assuming that the linear velocity in module is constant – as there are no resistances nor motive forces –, it results that
the trajectory in plan is perfectly circular. In other words, the car in curve sticks to the road.
G. Moscariello / Computers and Mathematics with Applications 55 (2008) 1815–1831 1827
Fig. 13. Normal reactions of 5.2.2 motion.
Fig. 14. Micro-slipping forces.
Fig. 15. Trajectory in plan.
Fig. 17 shows the increase in curve of the car’s roll angle Φ which, for a person observing from the front side of the
car, corresponds to an anticlockwise rotation. At the curve entrance and during motion, in other words, the car rotates
around its own longitudinal axle in such a way as to move the upper side towards the external part of the curve.
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Fig. 16. Lateral displacement.
Fig. 17. Roll angle.
In Fig. 18, consistently with what can be observed in Fig. 17, the reaction of the internal wheel is suddenly reduced
at the curve’s entrance and keeps decreasing for the whole time of motion. The opposite happens for the external
wheel.
• Motions with constant steering angle and self-alignment moments
During the car’s motion, the steering angle of the left front wheel γ1 is constant and equals 3 anticlockwise in plan
(curve on the left), without motor or braking moments. The lateral adherence is ensured by the micro-slipping forces;
rolling resistances and drags have not been taken into account. The observation period has been set to 5 s, while the
initial velocity, resulting from a previous rectilinear and uniform motion, has been assumed as 10 m/s.
The under- or over-steering effect of the motion has been achieved by arbitrarily assigning to the KSall(1) and
KSall(2) coefficients a greater value with respect to the other wheels.
Thus, the following:
Motion 5.4.1: KSall(1) = 0.3, KSall(1) = 0.1 KSall( j) = 10, j = 3.4.
Motion 5.4.2: KSall(1) = 0.1, KSall(2) = 0.3 KSall( j) = 10, j = 3.4.
In the following figures, the motions 5.4.1 (over-steering) and 5.3.2 (under-steering) have been compared to the
5.3.2 motion with a perfectly circular trajectory.
It is important to stress the excellent adherence to the road shown in Figs. 19 and 20, obtained through the micro-
slipping forces, even in over- or under-steering motions, (trajectories, in fact, are perfectly circular because, as shown
in the figure, the yawing angles result varies in a significantly linear fashion), through the greater normal stress of
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Fig. 18. Normal forces of front wheels.
Fig. 19. Yawing angle.
Fig. 20. Trajectory in plan.
the external wheels of a over-steering motion (Fig. 21) and, finally, through the opposite sense of the micro-slipping
forces (Fig. 22) in both different motions.
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Fig. 21. Rear wheels’ reactions.
Fig. 22. Micro-slipping forces.
5.3. Research perspectives
The various simulations developed in the preceding subsection has shown that the mechanical–mathematical model
has the ability to describe a large variety of interesting mechanical problems selected, among several ones, to test the
model.
The various simulations have been developed using the differential model with parameters properly assessed by
technical information delivered by car industry. The variety of simulations related to well-defined car tests clearly
shows that the model can be effectively used to predict the dynamics of vehicles on road.
Out of the above considerations, perspectives look to the use of the model with reference to well-defined
projects and tests. In addition, the model itself can be improved including an improved modelling of some of the
various components of the model. For instance introducing memory, resonance, noise or hysteresis phenomena
[11–13], also in view of optimization problems and vehicular traffic flow modelling [14–16]. Of course, the above
outlined technical improvements have to be developed up to the identification of the parameters of the model precisely
in the style of this paper, namely not simply at a formal level.
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